Mode competition of a free-electron laser is modeled by the Ginzburg-Landau equation. The stability of a single-mode solution is analyzed, and connections are established with known instabilities of the GinzburgLandau equation. It is found that the principal mode with the largest gain is always stable and hence there is no Benjamin-Feir instability. However, the Eckhaus ͑or phase͒ instability generally occurs if the frequency of a mode lies outside of a designated range centered on the principal mode. Under certain conditions, the Eckhaus instability can cause a sudden chaotization and spikiness in the radiation field. Analytical criteria and scaling for single-mode operation are given and tested by numerical simulations. A theoretical controversy on single-mode operation of the free-electron laser at the University of California at Santa Barbara is resolved.
I. INTRODUCTION
The complex Ginzburg-Landau equation ͑GLE͒ is a partial differential equation of the general form
where A(z,t) is a complex scalar field, z and t are real independent variables, and c 1 and c 2 are real parameters. The main purpose of this paper is to analyze the issue of mode competition and single-mode operation of a free-electron laser ͑FEL͒ using the GLE as a nonlinear model of the radiation field. In so doing, we establish connections with a rich mathematical literature ͑with antecedents in hydrodynamics ͓1-8͔͒ on single-mode solutions of the GLE, their stability, and the chaotic dynamics following an instability. These connections allow us to view FEL operation in the nonlinear regime from a new perspective and resolve an old controversy.
The GLE was first proposed as a model for the nonlinear evolution of the radiation field A(z,t) in a FEL by Cai and Bhattacharjee ͓9͔, who were motivated by observations of optical ''spiking'' in several experiments ͓10-13͔. There are other theoretical models of FEL's, which also arrive at a reduced version of the GLE ͓14-16͔. In these models, the radiation field is assumed to be a function only of z. Consequently, they arrive at an ordinary differential equation that can be obtained from Eq. ͑1͒ by simply setting the time derivative to zero. This reduced version of the GLE, derived in ͓16͔ under the assumption that the FEL radiation field is already in a single-mode state ͑''supermode''͒, can be used to describe the linear and nonlinear properties of the single mode. But unlike the partial differential equation ͑1͒, it cannot describe the interesting nonlinear dynamics of mode competition-how a stable single-mode solution can evolve out of an initial condition involving multiple modes, or how an unstable single-mode solution can lead to the spontaneous nonlinear excitation of multiple modes.
The possibility that a FEL can produce a powerful and coherent optical beam of a single frequency is potentially of great interest for many applications. There is experimental evidence from the FEL at the University of California at Santa Barbara ͑UCSB͒ that such a possibility is realizable with long-pulse electron beams ͓17͔. Although there is theoretical controversy ͓18,19͔ as to whether the FEL at UCSB actually attained a single-mode state, there is little doubt that the optical beam in the experiment showed a clear tendency to operate on a very narrow bandwidth.
We show by analysis and numerical simulation that the GLE provides useful insight on how single-mode operation evolves out of the nonlinear interaction of multiple modes. In particular, it yields specific analytical conditions on when single-mode operation is stable, when instability occurs, and describes the impulsive nonlinear growth of the instability leading to a chaotic and spiky optical beam. We show that the model helps resolve the theoretical controversy as to whether single-mode operation was realized in the UCSB FEL ͓17͔. We also discuss briefly the implications of the model for self-amplified spontaneous emission in the x-ray FEL device proposed to operate at the Stanford Linear Accelerator Center ͑SLAC͒.
II. DERIVATION OF THE GLE
We begin with a new derivation of the GLE for a FEL amplifier in the high-gain regime. We do not consider the problem of sideband instabilities ͓20͔, which introduce additional complications well beyond the scope of the present paper. We start with the standard one-dimensional equations for a Compton FEL: 
where ⌬ϭϪ s . It follows from Eqs. ͑5͒ and ͑7͒ that
where g ϵc/(1ϩc‫ץ‬ 0 ‫)ץ/‬ and ␣ϵ‫ץ‬ 2 0 ‫ץ/‬ 2 are complex parameters. We now write 1/ g ϭ r ϩi i , ␣ϭ␣ r ϩi␣ i , ␤ ϭ␤ r ϩi␤ i , and apply the transformations A ϭA 0 AЈexp͓i(KzЈϩ⍀tЈ)͔, zϭz 0 zЈ, tϭt 0 tЈϪz/ 0 , where
Equation ͑8͒ then becomes the GLE in standard form ͑1͒, where c 1 ϭϪ␣ r /␣ i and c 2 ϭϪ␤ r /␤ i are real parameters and all primes have been dropped for notational convenience. In Eq. ͑7͒, truncation of the Taylor series at second order implies that we approximate the linear gain curve around ϭ s by a parabola. In Fig. 1 , this parabola is shown as the dashed curve with the reference frequency s chosen to be slightly less than the maximum gain frequency m . For the GLE, the maximum of the gain parabola is obtained at the frequency s Ϫ i /␣ i , which is a good approximation for the maximum gain frequency m of the true gain curve with
provided s is close to m . Thus the frequencies for maximum gain of the two curves in Fig. 1 
The eigenvalues for exponential solutions of Eq. ͑11͒ are
In order for the mode to be unstable, ⌳ must have a positive real part ͑for some d ͒, which is possible only if 1ϩc 1 c 2 Ͻ0. For the FEL, if we choose the reference frequency as the frequency with maximum gain ( s ϭ m ), it is easy to see that the quantity 1ϩc 1 c 2 depends only on . In the limit →0, we obtain m →2␥ 0 2 ck w /(1ϩa w 2 ) and 1ϩc 1 c 2 →4/3, which implies that the mode is stable ͑in this limit͒. For nonzero values of , since we do not have a simple analytical formula for either the parameter m or the coefficient 1 ϩc 1 c 2 , we carry out a numerical calculation. In Fig. 2 , we plot 1ϩc 1 c 2 as a function of . Since most FEL's are characterized by small values of , we see that 1ϩc 1 c 2 is positive in the regime of physical interest. We conclude that the single mode ϭ m with maximum gain is stable, and hence there is no Benjamin-Feir instability. This is consistent with the earlier findings of ͓18͔ and ͓19͔.
Although the maximum gain mode with 0 ϭ0 is linearly stable, a mode with ͉ 0 ͉ 0 may be unstable to the Eckhaus instability. To examine this possibility, we consider the linearized equations
͑13͒
where a 0 2 ϵ1Ϫ 0 2 Ͼ0. The corresponding eigenvalues are
. ͑14͒
In the limit of small d , Eq. ͑14͒ reduces to We observe that the single mode of frequency 0 is unstable if the square bracket of the lower expression in Eq. ͑15͒ is negative. Note that this is true for every 0 if 1ϩc 1 c 2 Ͻ0; however, if 1ϩc 1 c 2 Ͼ0, the mode will be unstable when 0 2 Ͼ(1ϩc 1 c 2 )/(3ϩc 1 c 2 ϩ2c 2 2 ), which can always be satisfied in the range 1Ϫ 0 2 Ͼ0. Therefore, the Eckhaus instability will always occur.
From Eq. ͑13͒, in the small-d limit, we see that the unstable eigenvector is phase-aligned. In fact, the ratio of the phase component to the amplitude component in an eigenvector is given by
which is finite in the limit of zero d for the upper eigenvalue in Eq. ͑15͒, but tends to infinity for the lower unstable eigenvalue. In this limit, the Eckhaus instability is the phase instability discussed in ͓19͔. Furthermore, we see from Eqs. ͑15͒ and ͑16͒ that for a stable mode, the decay rate of the amplitude perturbation ͑for small d ͒ is much larger than that of the phase perturbation, as emphasized in ͓19͔.
We define the spectral width as
, where , consistent with the scaling reported in ͓19͔. Note that this scaling applies to a continuum of modes. As shown below, for discrete modes the scaling holds until the spectral width is reduced to about one mode, after which the width decays much faster than z Ϫ1/2 .
IV. NUMERICAL SIMULATIONS
To test the analytical predictions discussed above, we have developed a pseudospectral computer code that integrates the GLE. The coefficients c 1 and c 2 are calculated for the parameters of the UCSB FEL ͓17͔:
, a w ϭ0.3, p /ck w ϭ0.012, and ␥ 0 ϭ7. ͑With these parameters, Ϸ2.87ϫ10
Ϫ2 and the effective current density is 4.4ϫ10 4 A m
Ϫ2
.͒ We first consider the maximum gain mode s ϭ m Ϸ750 GHz, which is stable because c 1 ϷϪ0.580, c 2 Ϸ Ϫ0.574 and the stability condition 1ϩc 1 c 2 Ͼ0 is satisfied. We use periodic boundary conditions in t and expand A in a Fourier series of terms with relative frequencies that are multiples of the frequency width ␦ s . The simulation is initialized ͑at zϭ0͒ with random small values distributed over 2048 Fourier modes. The unit of time is chosen such that the ratio of longitudinal frequency spacing to the principal frequency is given by ␦ s / s ϭ2ϫ10 Ϫ3 /75, similar to that in the UCSB experiment ͓17͔.
The solid curve in Fig. 3 shows the evolution of the ͑nor-malized͒ spectral width ⌬ ͑in units of the number of longitudinal modes͒ as a function of z/c ͑in units of 1 s͒. ͓Here z is the actual physical distance along the axis, not the dimensionless variable in Eq. ͑1͒.͔ We see that ⌬ decays by about two decades when z increases by roughly four decades-consistent with the analytical scaling ⌬ϰz Ϫ1/2 , which appears to persist until ⌬ is reduced to about one mode. The dotted curve is the ͑normalized͒ spectral width ⌬ A , calculated on the basis of the frequency spectrum of the amplitude of A. We note that ⌬ and ⌬ A are of the same order of magnitude for a short, initial interval in z. Thereafter, ⌬ A decays at a much faster rate (ϰz Ϫ1 ) than ⌬. This suggests that the amplitude of A becomes approximately constant well before the full solution ͑including the phase͒ attains a true single-mode state. The phase perturbations decay much slower than amplitude perturbations, in agreement with ͓19͔. The amplitude becomes roughly constant ͑when ⌬ A ϳ1͒ at z/cϳ5 s. At this stage, ⌬ can be viewed as a ''macromode,'' consisting of 10-20 eigenmodes. This macromode eventually decays to one eigenmode at z/cϳ1 ms, but that is much longer than the electron pulse length ͑ϳ50 s͒ in the experiment.
The spectral measurements of the UCSB FEL, reported in ͓22͔, appear to be consistent with our interpretation. We illustrate this further in Fig. 4 , which provides detailed information on the radiation field at z/cϷ2.1 s. Figure 4͑a͒ of the Fourier amplitude spectrum shows nearly 50 modes in the frequency half-width. It is, therefore, not surprising that the time series of the real part of the amplitude, A r , has a very spiky structure ͓Fig. 4͑b͔͒ and the phase exhibits large temporal variations ͓Fig. 4͑c͔͒. However, this temporal structure is not seen in ͉A͉ 2 ͓Fig. 4͑d͔͒, which has already relaxed to a nearly constant value.
It is interesting to note that our scaling results are derived from equations that apply to a high-gain FEL amplifier, as in ͓18͔, but are actually in agreement with the ''klystron model'' developed in ͓19͔ for a FEL oscillator. We do not believe this is mere coincidence. It suggests that the nonlin- ear physics of mode competition ͑in the absence of sidebands͒ is probably similar in an amplifier and an oscillator. A derivation of the GLE from the low-gain oscillator equations ͑including the appropriate boundary conditions͒ will be the subject of a future paper. Next, for the same FEL parameters but with 512 Fourier modes, we consider a single-mode solution with s ϭ0.977 m and 0 ϭ i t 0 /␣ i , which corresponds to c 1 Ϸ Ϫ0.009 44 and c 2 ϷϪ4.25. When we add a small perturbation, the system becomes unstable to the Eckhaus instability although the principal mode is stable. Two distinct types of behavior can then occur: either the system undergoes spontaneous self-adjustment by shifting the unstable mode to another mode inside the stable range, or the instability grows virulently, exciting multiple modes and producing a chaotic state. The type of behavior seen in any particular case depends extremely sensitively on the initial conditions. In Figs. 5-7, we illustrate by example the second type of behavior. The upper ͑lower͒ curve in Fig. 5 shows ⌬ (⌬ A ) as a function of z. Both quantities-⌬ as well as ⌬ A -are of the same order of magnitude initially due to the smallness of the perturbation initiating the instability. This is followed by a range in z over which ⌬ is larger than ⌬ A by more than an order of magnitude, although neither quantity is very large. Thus, in the linear regime, the amplitude perturbation grows more slowly than the phase perturbation, consistent with our interpretation of the Eckhaus instability as a phase instability. In the nonlinear regime, due to strong mode coupling, both ⌬ and ⌬ A grow very rapidly and impulsively, and the system evolves to a nonlinear state consisting of approximately 40 modes. Although the principal mode ͑as well as modes in a narrow range around the principal mode͒ is linearly stable because 1ϩc 1 c 2 Ͼ0, the system does not decay to a single-mode state. Instead, it evolves to a chaotic state, at least as long as we are able to follow it numerically, leading to ''phase turbulence'' of the type reported in ͓4͔. Figure 6 shows the magnitude A n of the Fourier modes, indexed by n, of one such chaotic state, with the parabola showing the shape of the gain curve. ͑The precise value of z is not important here since we will see the same qualitative picture for any z within the chaotic state.͒ We see that the energy is distributed over a wide range within the positive gain region, although the distribution is not as even between the competing modes as the gain curve might suggest. As is evident from Fig. 7 , the power in this chaotic state is very spiky. The width of the spikes varies over a rather large range, with some spikes characterized by widths of the order of (Ϫ␣ i / 2 intervention of sideband instabilities.
We now apply the GLE to mode narrowing in the proposed Linac Coherent Light Source ͑LCLS͒ device at SLAC, which is expected to generate x rays from noise ͓23͔. At the end of a single pass of the undulator, the radiation field is in the early nonlinear saturation phase ͑as seen in ͓23͔͒, and sideband amplitudes are sufficiently small that the GLE remains applicable. Figure 8 shows the results of a simulation of the GLE using LCLS parameters ͓23͔, with random initial condition of the radiation field. While Fig. 8͑a͒ shows the time-averaged radiation power along the undulator axis, Fig.  8͑b͒ shows the evolution of ⌬ and ⌬ A . We see that the spectral width decreases initially in the linear phase, then increases slightly when the power starts to saturate, and then decreases again. With an undulator 100 m long, the planned LCLS device exhibits some tendency for mode narrowing, but since ⌬ A is of the same order as ⌬, we cannot expect either the multimode amplitude or the phase perturbations to decay in a single pass. For a longer undulator, the GLE must be modified to include the effects of sidebands, which may broaden the spectrum. This is left to future work.
V. SUMMARY
The GLE gives a remarkably precise and detailed description of mode competition and single-mode operation of a FEL. We have obtained analytical conditions for the Benjamin-Feir and Eckhaus instabilities of a single-mode solution. We have shown that the mode with maximum gain is always stable, and hence there is no Benjamin-Feir instability. However, the Eckhaus ͑or phase instability͒ always occurs. We have verified the analytical results by simulations, and examined conditions under which stable single-mode operation can occur, with specific applications to the UCSB FEL. On the basis of our results, we conclude that singlemode operation did not occur in the UCSB FEL experiment ͓17͔.
When the Eckhaus instability occurs, it can lead to two distinct types of behavior: either the system undergoes spontaneous self-adjustment by shifting the unstable mode to another mode inside the stable range, or the instability grows virulently, exciting multiple modes and producing a chaotic state. The second type of behavior can thwart single-mode operation, and in the nonlinear regime, produce a sudden and rapid chaotization of the optical signal. This is a regime that has not received sufficient attention in FEL experiments, which can be an interesting test-bed for theories of ''phase turbulence.'' FIG. 8. ͑a͒ Time-averaged radiation field power ͑GW͒ as a function of undulator length z (m) in a simulation of the GLE using LCLS parameters with random initial condition. ͑b͒ The evolution of ⌬ and ⌬ A ͑in unit of the number of modes͒ in simulation ͑a͒.
